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Abstract
We find AdS5 solutions holographically dual to compactifications of six-dimensional
N = (1, 0) supersymmetric field theories on Riemann surfaces with punctures. We
simplify a previous analysis of supersymmetric AdS5 IIA solutions, and with a suitable
Ansatz we find explicit solutions organized in three classes, where an O8–D8 stack, D6-
and D4-branes are simultaneously present, localized and partially localized. The D4-
branes are smeared over the Riemann surface and this is interpreted as the presence of a
uniform distribution of punctures. For the first class we identify the corresponding six-
dimensional theory as an E-string theory coupled to a quiver gauge theory. The second
class of solutions lacks D6-branes and its central charge scales as n5/2, suggesting a five-
dimensional origin for the dual field theory. The last class has elements of the previous
two.
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1 Introduction
An interesting way of producing a conformal field theory is by reducing a higher-
dimensional one. Among four-dimensional superconformal field theories, there is a
vast number of examples that come from compactifying six-dimensional theories. This
has been demonstrated for the N = (2, 0) theory living on a stack of M5-branes: upon
compactification on Riemann surfaces, it produces interesting N = 2 theories in four di-
mensions, known as “class S” theories. This can be understood field-theoretically [2–4]
and from a holographic perspective [5,6]. It is also possible to compactify theN = (2, 0)
theory in a more complicated way, so as to produce N = 1 theories [5, 7–10].
In six dimensions, string theory also suggests the existence of a much larger class of
superconformal field theories with N = (1, 0) supersymmetry; see for example [11–17].
Recently, certain classifications have been proposed, based on anomalies and super-
symmetry [18] and on F-theory [19]. Moreover, a holographic description has been
found [20–23] for a large class of such theories [15,16]. These theories have an effective
description in terms of a chain of unitary gauge groups, coupled to tensor multiplets
and hypermultiplets. They are engineered by an NS5–D6–D8 brane system. Their
holographic duals are AdS7 ×M3 solutions with D8/D6-brane sources, where M3 has
the topology of the three-sphere S3.
It is natural then to ask whether these six-dimensional N = (1, 0) theories also pro-
duce superconformal field theories (SCFTs) upon compactification on Riemann surfaces
Σ. In [1, 24] it was shown holographically that by compactifying the class in [20] on
Σ of genus g > 1 one indeed obtains SCFTs with N = 1 supersymmetry in four di-
mensions.1 A next step would be to understand these theories more directly. Although
they are not expected to admit a Lagrangian description, they might be amenable to a
decomposition similar to the one obtained for the class S theories in [3,4]. There it was
shown how to associate a “generalized quiver” description to a pair-of-pants decompo-
sition of a Riemann surface Σ, namely to a choice of representation of Σ as a union of
three-punctured spheres and tubes. To each three-punctured sphere one associates a
class of theories that correspond to compactifying the N = (2, 0) theory in presence of
codimension-2 defects of various types. The theories associated to Σ can be constructed
by gluing three-punctured spheres [3,4]. In [6] the holographic dual for this construction
was described.
Obtaining a similar picture for N = (1, 0) theories compactified on Σ would greatly
enlarge our knowledge of N = 1 SCFTs in four dimensions. So far, this has been
1The particular case g = 1 was also considered for more general theories in [25–28].
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attempted [28–32] for one particular N = (1, 0) theory, namely the one describing a
stack of M5-branes on top of a Zk singularity. (This theory is also part of the class
obtained in IIA in [20]: it is the only one with vanishing Romans mass.)
In this paper, we find AdS5 solutions which are dual to compactifications on punc-
tured Riemann surfaces of any genus, of certain N = (1, 0) theories belonging to the
family of [20]. These N = (1, 0) theories are obtained by coupling a six-dimensional
quiver tail to the E-string theory of rank one (see figure 6), a construction follow-
ing [15,16]. The E-string theory has a tensor multiplet but no gauge group, and an E8
flavor symmetry. It first appeared as a description of an M5-brane near an M-theory E8
wall [11, 33, 34], but since then, has often played a role in other contexts, for example
in the various theories engineered in F-theory [19, 35]. In our case, it appears because
the six-dimensional theories we are compactifying have an AdS7 dual which contains, in
addition to more “customary” D6-branes, an O8–D8 stack.2 The corresponding brane
diagram (see figure 5(a)) describes N NS5-branes near the O8–D8 stack, in the pres-
ence of Romans mass; because of the latter, D6-branes are also created. The resulting
theory can be thought of as an analogue with Romans mass, of the rank-N E-string
theory describing N M5-branes near an E8 wall. For this reason, we will refer to our
six-dimensional models as “massive E-string theories”. The holographic identification
between the AdS7 solution and these theories is also bolstered by an anomaly compu-
tation similar to [23], which yields a perfect match.
The AdS5 solutions we find have in addition to the aforementioned D6-branes and
O8–D8 stack, D4-branes, which represent the punctures on the Riemann surface. The
D4-branes are extended along the AdS5 and smeared over the Riemann surface Σ. The
latter means that there are many punctures distributed over Σ. In the rest of the internal
space which is topologically an S3 (or rather, half-S3, because of the presence of the
O8-plane), the D4-branes are completely localized on a point on top of the O8-plane.
Our solutions thus contain sources of three different kinds (O8–D8, D6, D4), almost
all completely localized; this is an exceptionally complex set of localized ingredients.
Identifying the various sources requires comparing the field behavior near them to the
one known in flat space. This is nontrivial especially for the D4-branes inside the
O8-plane, and is performed here with a variant of the analysis in [36].
We have checked the field theory interpretation of our solutions by computing the
central charge:
a =
27
32
(
1
5
(g − 1)N3M2 + 1
3
nN2M
)
, (1.1)
2This possibility was already implicitly present in [1, 22], as a particular limit of the parameters,
but was not noted at that time.
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where N is the number of NS5-branes, M is the number of D6-branes, and n is the
number of D4-branes. The ratio 27/32 is typical of N = 1 theories obtained by mass
deforming N = 2 theories [38]. In the parenthesis, the first term comes from the
compactification of the massive E-string theory on a genus g surface Σ. The N3M2
behavior is typical of N = (1, 0) theories engineered from N NS5-branes and M D6-
branes [21, 23]. The fact that it is proportional to (g − 1) is also standard [6, 7]. The
second term in (1.1) is, quite sensibly, proportional to the number of punctures n; the
contribution of each puncture scales as N2M , suggesting that these are the analogue
of the “simple” punctures of class S theories. Notice that for the case Σ = S2 (g = 0)
the first term is negative; however, the second term is always positive enough to keep
a > 0, due to a lower bound n ≥ NM on the number of punctures in this case. (No
such bound exists for g > 0.) This again is in agreement with the intuition from class
S theories, where a sphere cannot have too low a number of simple punctures.
In order to find the solutions, we started from the classification of supersymmetric
AdS5 solutions of massive type IIA supergravity [1], but in a simpler reformulation which
reduces the number of partial differential equations (PDEs) that characterize the clas-
sification. The latter acquire a form which is reminiscent of the Toda–Monge–Ampe`re
system in [10], itself a generalization of the Toda equation in [37]. This observation can
be useful for broader aims than the ones in this paper. We then used a separation of
variables Ansatz inspired again in part by [10], in order to solve the PDEs.
In the process of looking for our punctured compactifications, we have also found
some superficially similar solutions, which however appear to represent rather different
physics. In the Σ = S2 case, if one varies a parameter beyond a certain value, one finds
a solution without any D6-branes, and with zero NS–NS flux integral, indicating also an
absence of NS5-branes before the near-horizon limit. Moreover, some of the D4-branes
have now moved off the O8-plane. In this case a scales as n5/2, which is the same scaling
as of the action of the AdS6 solution of [39], arising as the near-horizon geometry of a
O8–D8–D4 system. This might suggest a relation between the two solutions, and hence
a five-dimensional origin of the four-dimensional SCFTs dual to the AdS5 solutions.
For g > 1, we also find a solution where the NS5-branes and D6-branes are still present,
but all the D4-branes have moved off the O8-plane. In this case a exhibits a mix of the
behavior in (1.1) and of a ∼ n5/2. All these alternative solutions are intriguing, but we
are not giving them an interpretation here.
The rest of this paper is organized as follows. In section 2 we present a reformulation
of the classification of supersymmetric AdS5 IIA solutions of [1]. In section 3 we obtain
our new analytic solutions and reduce their study to three classes, which we analyze
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in detail in section 4. The solutions of section 4.1 are the ones which we interpret
as punctured compactifications of six-dimensional N = (1, 0) SCFTs. In section 5 we
review these SCFTs and their holographically dual AdS7 solutions.
2 Supersymmetric AdS5 solutions: general system
We begin by presenting a refinement of the classification of supersymmetric AdS5 solu-
tions of massive type IIA supergravity worked out in [1]. In particular, by introducing
a new set of functions characterizing the solutions, we are able to reduce the number
of partial differential equations that control the classification, as well as simplify their
form. This simpler system of equations was inspired by the one obtained for M-theory
AdS5 solutions in [10], and its reduction along a flavor isometry to ten dimensions. The
connection between the formalism presented here and the one in [1] is summarized in
appendix A.
The metric for a general supersymmetric AdS5 solution is
ds210 = e
2W
[
ds2AdS5 + e
2A
(
dx21 + dx
2
2
)
+
1
3
e−6λds23
]
, (2.1)
ds23 = −
4
∂sDs
η2ψ − ∂sD˜s ds2 − 2∂uDs duds− ∂uDu du2 ,
where
ηψ = dψ − 1
2
?2 d2Ds (2.2)
and D˜s = Ds − 32 ln s3. The Hodge star operator ?24 and the exterior derivative d2 are
taken over the (x1, x2) plane. The functions (Du, Ds), which determine the solution,
depend on (xi, s, u). The rest of the functions appearing in the metric are given in
terms of these as follows:
e−6λ =
1
8s
det(h)
det(g)
, e4W = − ∂sDs
3 det(h)
, e2A =
1
24
det(h)eDs , (2.3)
and
det(g) = ∂uDu∂sD˜s − (∂uDs)2 ,
det(h) = ∂uDu∂sDs − (∂uDs)2 .
(2.4)
3The labeling of the potential Ds is related to the one in [10] as (Ds, D˜s)→ (D˜s, Ds).
4The convention for its action is ?2dx1 = dx2 and ?2dx2 = −dx1. This convention is opposite of
the one used in [10].
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The geometry has a U(1) isometry whose orbits are parameterized by ψ. It is in
fact a symmetry of the full solution and corresponds to the R-symmetry of the dual
superconformal field theory.
The dilaton can be expressed as
e2φ = e6W e−6λ . (2.5)
The NS–NS field strength H is given by
H = dV2 − 1
36
√
2s3/2
du ∧ ds ∧ ηψ + 1
72
√
2s
eDs
(
det(h)du+
3
2s
∂uDsds
)
∧ dx1 ∧ dx2 ,
V2 ≡ 1
24
√
2s
∂ue
Dsdx1 ∧ dx2 − 1
12
√
2s3/2 det(g)
(∂uDudu+ ∂uDsds) ∧ ηψ . (2.6)
The R–R field strengths read
F0 = 36
√
2s
∂u (∂sDu − ∂uDs)
∂sDs
; (2.7)
F2 = dV1 + ?2d2 (∂uDs − ∂sDu) ∧ ds+
[
∆2Du − ∂u
(
s det(g)eDs
)]
dx1 ∧ dx2
− F0 1
18
√
2s
du ∧ ηψ − F0 1
12
√
2s3/2 det(g)
(∂uDudu+ ∂uDsds) ∧ ηψ , (2.8)
V1 ≡ − ?2 d2Du − 2∂uDs
∂sDs
ηψ ;
F4 =
1
24
√
2
(det(h))2
det(g)
eDs√
s∂sDs
×
{ [
∂uDu∂sV0 − ∂uDs
(
∂uV0 +
4
3
)]
du+
[
∂uDs∂sV0 − ∂sD˜s
(
∂uV0 +
4
3
)]
ds
}
∧ dψ ∧ dx1 ∧ dx2
+
1
24
√
2
(det(h))2
det(g)
1
s3/2∂sDs
? d2V0 ∧ du ∧ ds ∧Dψ , (2.9)
V0 ≡ 2∂uDs
det(h)
.
In the above ∆2 is the Laplace operator ∆2 = ∂
2
x1
+ ∂2x2 .
The Bianchi identity of the Romans mass F0 sets it to a constant. The one of the
NS–NS field strength, dH = 0, yields an equation for Ds:
∆2Ds = ∂s
(
s det(g)eDs
)
+
1
24
√
2s
F0∂se
Ds . (2.10)
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Given the above, the Bianchi identity of F2, dF2 − F0H = 0, becomes
∆2 (∂uDu) = ∂
2
u
(
s det(g)eDs
)
+
1
36
√
2s
F0s∂s
(
det(h)eDs
)
. (2.11)
A potential extra integrability condition, obtained by acting on (2.10) with ∂2u and on
(2.11) with ∂s, is automatically satisfied upon using (2.7). The Bianchi identity of F4
is also automatically satisfied.
Summarizing, the solution is determined by (Du, Ds) which are subject to equations
(2.7), (2.10) and (2.11).
3 New solutions
We will now look for new AdS5 solutions, by using the system obtained in the previous
section and introducing a suitable Ansatz. It involves the presence of a Riemann surface
Σ, coordinatized by x1, x2. The remaining coordinates describe a three-manifold M3,
topologically fibred over Σ.
3.1 Ansatz
In this paper, we study solutions whose metric on the (x1, x2) plane has constant sec-
tional curvature. This requires the warp factor A to be separable:
e2A = f(s, u)e2A0(x1,x2) (3.1)
for some function f(s, u). In order to satisfy the separability condition (3.1) we make
an appropriate Ansatz for the potentials (Du, Ds). The most general one is
Ds = Fs(s, u) + 2A0(x1, x2) , Du = Fu(s, u) + 2vA˜0(x1, x2) , (3.2)
where v is an arbitrary parameter.
Riemann Surface
In the Ansatz for the D potentials, A0(x1, x2) is a solution of the equation(
∂2x1 + ∂
2
x2
)
A0 + κe
2A0 = 0 . (3.3)
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The parameter κ is restricted to the values {−1, 0, 1}, without loss of generality. The
three choices correspond to the hyperbolic space H2, the torus T
2 and the two-sphere
S2 respectively. The hyperbolic space H2 can be replaced by the quotient H2/Γ to
obtain a constant curvature Riemann surface of genus g. Γ is a Fuchsian subgroup of
the PSL(2,R) isometry group of H2. A representative solution to (3.3) is
eA0 =
2
1 + κ (x21 + x
2
2)
. (3.4)
The function A˜0 is given as
A˜0 =
− (x21 + x22) for κ = 0 ,κA0 for κ 6= 0 . (3.5)
It is convenient to introduce the connection one-form, V , which is defined as
V = −1
2
ακ ?2 d2A˜0 = ακ
x1dx2 − x2dx1
1 + κ (x21 + x
2
2)
, ακ =

1
4pi
for κ = 0 ;
κ
1− g for κ 6= 0 .
(3.6)
The normalizations are such that
∆2A˜0 = −e2A0 , dV = ακ
2
e2A0dx1 ∧ dx2 ,
∫
dV = 2pi . (3.7)
The local metric on the Riemann surface is
ds2 (Σg) = e
2A0(x1,x2)
(
dx21 + dx
2
2
)
. (3.8)
The one-form dual to the ∂ψ Killing vector can be written as
ηψ = dψ − 1
2
?2 d2Ds = dψ − 2 (g − 1)V . (3.9)
Ansatz for (Fu, Fs)
When we plug the Ansatz for the D potentials into the system of equations of section
2, we obtain Monge–Ampe`re equations for (Fu, Fs). By studying how the known AdS5
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solutions in type IIA and 11D supergravity solve these, we refine our Ansatz as
Fs(s, u) = 2ν + ln f1(t1) + ln f2(t2) , (3.10)
Fu(s, u) =
1
τ1(s)
ln f1(t1) +
1
τ2(s)
ln f2(t2) , (3.11)
where ν is a constant and
t1 = u+ b1(s) , t2 = `0u+ b2(s) , (3.12)
with the parameter `0 ∈ {0, 1}. Furthermore,
τi ≡ ∂sbi(s) , ∂s 1
τ 2i
=
F0
18
√
2s
. (3.13)
The aim is to find all solutions for fi in terms of the variables ti. The solutions of [7]
are obtained by taking fi linear and by fixing `0 = 1 and F0 = 0. The solutions of [1]
are also obtained by taking fi linear and `0 = 1 but with non-zero F0. The solutions
of [40] can be obtained by fixing `0 = 0 and by taking f1 linear.
The class of solutions we study in this paper are
f2 = c2 + t2 , f1 = c1 + 2κt1 + f0 (c0 + t1)
1/3 (3.14)
where the set of parameters (c2, c1, c0, f0) are integration constants. In this class of
solutions we have
τ1 = −τ2 =
(
18
F0
√
2s
)1/2
. (3.15)
The τ ’s can be integrated for the b’s. In order to study the solutions, we make a further
coordinate transformation from (t1, t2) to (z, k):
c0 + t1 = 2F0z
3, c2 + t2 = 2F0z
3(1− k3) . (3.16)
We now write and study the solutions.
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3.2 Solutions
The metric that follows from the solution (3.14) in the (z, k) coordinates is
ds210 = e
2W
[
ds2AdS5 −
p′
9z2
ds25
]
, (3.17)
ds25 = ds
2(Σg) +
3zdz2
p
+
9z3
3p− zp′
[
kdk2
1− k3 +
4
3
(1− k3)p
3p− zp′(1− k3)η
2
ψ
]
,
where
p = (z − z0)
[
κ(z2 + z0z + z
2
0)− 3`z21
]
(3.18)
and a prime denotes differentiation with respect to z. Explicitly,
p′ = 3(κz2 − `z21) . (3.19)
The parameters z0, z1 and ` are real, and ` ∈ {−1, 1}5. Without loss of generality z1
is chosen to be non-negative. The parameter κ is the curvature of the Riemann surface
Σg of genus g, with local metric given in (3.8). The one-form ηψ is also given above in
(3.9).
The warp factor is given by the expression
e4W =
z
k
3p− zp′(1− k3)
−p′ . (3.21)
The metric on AdS5 is taken to be of unit radius. A radius L can be reinstated by
rescaling
z → L2z , z0 → L2z0 , z1 → L2z1 . (3.22)
Positivity of the metric requires
zp ≥ 0 , −p′ ≥ 0 , 0 ≤ k ≤ 1 . (3.23)
The metric (and indeed the complete solution) is invariant under the simultaneous
reflection z → −z and z0 → −z0, and so we will restrict our study to z ≥ 0.
5These parameters are related to the ones in (3.14) as
f0 = −6 (2F0)2/3 `z21 , c1 − 2κc0 = 4z0F0
(
3`z21 − κz20
)
. (3.20)
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The dilaton reads
e4φ =
1
(F0)4
1
z3k5
[3p− zp′(1− k3)]3
−p′(3p− zp′)2 . (3.24)
Finally, we present the expressions of the fluxes in terms of potentials B for the
NS–NS flux and C1, C3 for the R–R fluxes:
H = dB , F2 = dC1 + F0B , F4 = dC3 +B ∧ F2 − 1
2
F0B ∧B , (3.25)
subject to the gauge transformations
δB = dΛ1 , δC1 = dΛ0 − F0Λ1 , δC3 = dΛ2 + 1
2
F0dΛ1 ∧Λ1 − dΛ1 ∧C1 . (3.26)
Their expressions are
B = −2
3
z2p′
3p− zp′dk ∧ ηψ −
k
9
p′ − zp′′
z
volΣg , (3.27)
C1 =
2
3
F0
kz2p′(1− k3)
3p− zp′(1− k3)ηψ , (3.28)
C3 =
2
9
F0k
2
[
p′ − zp′′
3p− zp′(1− k3)p+
1
6
zp′′
]
ηψ ∧ volΣg . (3.29)
This gauge choice is particularly convenient for the purpose of presentation. As we
will see, the above potentials are actually singular at certain loci. They will however
be sufficient for computing the charges of the various sources in our solutions. We
postpone a more careful treatment to section 3.5.
3.3 Regularity and brane sources
In this section we study the geometry in special regions where the S1 parameterized by
ψ shrinks or where the metric is singular. The latter regions are (i) k = 0, (ii) z = 0 and
(iii) p′ = 0. We will demonstrate that these singularities correspond to brane sources.
This will be one of the main results in this paper.
The regions where the S1 shrinks are (i) p = 0 and (ii) k = 1. We will begin by
examining these.
First we consider a region where p = 0 and p′ 6= 0. Let zr be a single root of p.
We expand p around zr, p(z) = p
′(zr)(z − zr) + O ((z − zr)2), and introduce a new
11
coordinate, %, as %2 = 4
3
(1− z/zr). The metric in the region z = zr takes the form
ds210 ∼ zr
√
1− k3
k
[
ds2AdS5 −
p′(zr)
9z2r
ds2Σg +
kdk2
1− k3 + d%
2 + %2ηψ
]
, (3.30)
and hence is regular provided that the period of ψ is fixed to be 2pi. The dilaton reads
e4φ ∼ 1
(F0)4
1
z2r
(1− k3)3
k5
. (3.31)
Similarly, near k = 1 we introduce the coordinate %2 = 4
3
(1− k) and take the %→ 0
limit. The metric takes the form
ds210 ∼ e2W
[
ds2AdS5 −
p′
9z2
ds2Σg +
−zp′
3p− zp′
(
d%2 + %2η2ψ
)]
+ e−2Wdz2 (3.32)
where the warp factor is e4W = −3zp/p′. Fixing the period of ψ to be 2pi, the S1 shrinks
in a regular way. The dilaton reads
e4φ ∼ 1
(F0)4
1
z3
(3p)3
−p′ (3p− zp′)2 . (3.33)
Although in the two separate limits above the S1 can shrink regularly, when the
double limit is considered a singularity appears. As we will see later this is due the
presence of D6-branes.
3.3.1 O8-plane–D8-branes
In this section we study the region near k = 0, away from z = 0 or p′ = 0. We first
make the coordinate transformation k = f(z)r with
f 5(z) = − 1
z3
3p− zp′
p′
, (3.34)
which maps the region near k = 0 to the one near r = 0. The differential dk becomes
dk = f(z) (dr + rf ′(z)/f(z)dz). Following the coordinate transformation, the metric
near r = 0 takes the form
ds210 ∼ r−1/2ds29 + r1/2dr2 , (3.35)
ds29 = z
2f 2(z)
[
ds2AdS5 −
p′
9z2
(
ds2Σg +
3zdz2
p
+
12z3p
(3p− zp′)2η
2
ψ
)]
. (3.36)
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The dilaton reduces to
eφ ∼ 1
F0
r−5/4 . (3.37)
The solution in this region describes a stack of 2n8 D8-branes, with n8 < 8, stuck
on an O8-plane. The metric and dilaton for the latter system are given by
ds210 = H
−1/2
8 ds
2
|| +H
1/2
8 dx
2
9 , e
φ = gsH
−5/4
8 , (3.38)
where ds2|| is the line element of the flat spacetime parallel to the wordlvolume of the
D8-branes, and x9 is the transverse coordinate. gs is the string coupling constant. The
function H8 reads
H8 = c+ gsF0x9 , F0 =
8− n8
2pi`s
sign(x9) , (3.39)
with F0 being the Romans mass, `s the string length and c an arbitrary constant.
The O8–D8 metric is matched to the solution near k = 0 by the identification6
c = 0 , r = (gsF0)
1/5 x9 , ds
2
|| = (gsF0)
−3/4ds29 . (3.40)
While c can be of any value in general, for our solution c = 0. Since for us F0 > 0, we
have n8 < 8. Looking at (3.38), we see that this implies that the dilaton diverges on
the O8-plane. The same behavior occurs for example in the AdS6 solution of massive
type IIA supergravity [39], which arises as the near-horizon geometry of an O8–D8–D4
system.
In the region near k = 0 the fluxes are non-zero, but there are no cycles that yield
quantization conditions.
As observed earlier in (3.23), k ∈ [0, 1]. The presence of an O8-plane at k = 0
suggests that our solution is, in fact, half of a bigger solution for which k ∈ [−1, 1].
We can then continue our solution to k ∈ [−1, 0) by imposing the standard O8-plane
conditions: gµν(−k) = gµν(k) for µ, ν 6= k, gµk(−k) = −gµk(k), while for the fluxes
B(−k) = −B(k), F4i(−k) = −F4i(k), F4i+2(−k) = F4i+2(k).
6The (gsF0)
−3/4 factor in ds2|| can be removed by rescaling the coordinate z in ds
2
9.
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3.3.2 D6-branes
In this section we study the singularity in the region near k = 1 and p = 0. Let zr be
a (single) zero of p and introduce the coordinates (r, θ) via
3r cos2(θ/2) = 1− z
zr
, 3r sin2(θ/2) = 1− k . (3.41)
The region of interest maps to r = 0 in these coordinates.
The metric takes the form
ds210 ∼ 3zrr1/2
[
ds2AdS5 −
p′(zr)
9z2r
ds2Σg
]
+ 3zrr
−1/2 [dr2 + r2(dθ2 + sin2(θ)η2ψ)] . (3.42)
and the dilaton
eφ ∼ 1
F0
33/2
z
1/2
r
r3/4 . (3.43)
The neighborhood of {z = zr, k = 1} can be identified with the region near a stack of
M D6-branes with AdS5×Σg world-volume. The number of D6-branes M is related to
the parameters of the solution, as we will see shortly.
In the string frame, the type IIA supergravity solution, that describes the geometry
of a stack of M D6-branes is
ds2 = H
−1/2
6 ds
2
|| +H
1/2
6 ds
2
⊥ , e
φ = gsH
−3/4
6 (3.44)
with
H6 = 1 +
L6
r
, L6 =
1
2
M`sgs. (3.45)
The parameters gs and `s are respectively the string coupling and string length. The
coordinate r is the overall radial coordinate of the transverse space with metric ds2⊥.
The metric on the world-volume of the D6-branes correspond to ds2||. For the solution
of interest in (3.42), we fix the spaces as
ds2⊥ = dr
2 + r2(dθ2 + sin2(θ)η2ψ) (3.46)
ds2|| = L
2
[
ds2AdS5 −
p′(zr)
9z2r
ds2Σg
]
(3.47)
where L is the radius of the AdS5. We can identify H6 from the warp factor of the
transverse space and from the expression of the dilaton. These, respectively, yield the
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following relations for L6
L
1/2
6 = 3zr , L
1/2
6 =
1
9
gsF0 . (3.48)
These relations taken with the expression of L6 in terms of M yield
M =
2
3
zrF0
`s
. (3.49)
The AdS5 radius is fixed, by matching the warp factor of the world-volume space, to
L = 3zr.
The identification in (3.49) is made with the assumption that r in (3.42) is the radius
of the space transverse to the D6-branes. Since it was done by matching the warp factor
with H6 in the near-brane region, there is an overall scaling between r and the radius
of the transverse space that is not fixed. However, we will compute the number of
D6-branes more accurately by using the flux.
In the {z → zr, k → 1} limit, at leading order, the R–R fluxes read
dC1 ∼ −1
3
zrF0 sin(θ)dθ ∧ ηψ + α1(θ)dr ∧ ηψ , (3.50a)
dC3 ∼ 1
9
(
κz2r + `z
2
1
)
F0 sin(θ)dθ ∧ ηψ ∧ volΣg + α3(θ)dr ∧ ηψ ∧ volΣg . (3.50b)
The explicit expressions for the functions α1 and α3 are unnecessary for the present
discussion: in the region near r = 0 the terms with a dr component do not yield a
quantization condition.
The field strength dC1 can be integrated over the two-sphere S
2
zr with coordinates
(θ, ψ), and dC3 can be integrated over the four-cycle S
2
zr × Σg. The quantization con-
ditions
1
(2pi`s)p
∫
Mp+1
dCp ∈ Z (3.51)
for dC1 and dC3 respectively give
M =
2
3
zrF0
`s
, m =
VgF0
18pi2`3s
(
κz2r + `z
2
1
)
. (3.52)
The first parameter M counts the number of D6-branes and its expression is consistent
with (3.49). The parameter m counts the number of D4-branes in this region, which
are dissolved in the D6-branes. The volume Vg of the Riemann surface Σg is fixed by
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the curvature so that
κVg = 4pi(1− g) . (3.53)
There are no cycles that yield a quantization condition for the NS–NS flux.
3.3.3 D4-branes
In this section we analyze the singularities at z = 0 and p′ = 0. As we will see, these
regions describe smeared D4-branes. In the z = 0 case the smearing is on the Riemann
surface Σg; in the p
′ = 0 case, it is on Σg and two more internal directions.
z → 0 limit
In the region near z = 0 we make the coordinate transformation {z3 = (3
2
r)2, k3 =
cos2(θ)}, and write the metric as
ds210 ∼
(
3
2
r cos(θ)
)−1/3 [
Q−1/2r2/3ds2AdS5 +Q
1/2r−2/3ds25
]
,
ds25 =
1
3
p(0)ds2Σg + dr
2 + r2
(
dθ2 + sin2(θ)η2ψ
)
, (3.54)
where Q ≡ (3
2
)−4/3
`z21/p(0). The dilaton reads:
eφ ∼ 1
F0
Q−1/4r1/3
(
3
2
r cos(θ)
)−5/6
. (3.55)
This metric describes a stack of D4-branes with AdS5 world-volume, which are
smeared on the Riemann surface, Σg, while being inside a stack of D8-branes. We
describe this system in more detail in appendix B. To identify the number of the D4-
branes, we look at the dC3 field strength in this region:
dC3 ∼ −4
9
`z21F0 kdk ∧ ηψ ∧ volΣg + β3(k)dz ∧ ηψ ∧ volΣg (3.56)
The quantization condition for dC3 then yields
n =
VgF0
18pi2`3s
`z21 . (3.57)
n is an integer: its absolute value the number of D4-branes in this region.
The R–R field strength dC1 vanishes in this region, and there are no cycles that can
provide a quantization condition for the NS–NS flux. However, we point out that the
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latter is singular near z = 0:
H ∼ z
2
1
3z
(
dk − dz
z
)
∧ volΣg . (3.58)
The singularity of H in this region is a phenomenon which we do not fully under-
stand; an analogous singularity in the region near the D6-branes is discussed in section
3.5.
p′ → 0 limit
We now turn to the p′ = 0 region. The function p′ can vanish at z = z1 for κ = `. In
this region, we introduce the coordinate r = 3
2
κ(1− z/z1). In the limit r → 0 and upon
making the coordinate transformation k = cos2/3(θ), the metric takes the form:
ds210 ∼ (cos(θ))−1/3
[
(Q˜r)−1/2ds2AdS5 + (Q˜r)
1/2ds25
]
,
ds25 =
4
9
Q˜−1ds2Σg +
4
9
z21
(
dr2 + dθ2 + sin2(θ)η2ψ
)
. (3.59)
where Q˜ ≡ 4
3
z1/p(z1). The dilaton reads:
eφ ∼ 1
F0
1
z1
(Q˜r)−1/4 (cos(θ))−5/6 . (3.60)
In this case the local behavior of the metric can be recognized as an example of
the “harmonic function rule” for delocalized branes [41–43]. It describes a stack of
D4-branes with AdS5 world-volume, smeared on the Riemann surface Σg and on the
two-sphere with coordinates (θ, ψ). The overall warp factor blows up at θ = pi/2, and
this due to the fact that there is a O8–D8 system localized there.
The dC3 field strength in this region reduces to
dC3 ∼ −4
9
`z21F0 kdk ∧ ηψ ∧ volΣg + γ3(k)dz ∧ ηψ ∧ volΣg , (3.61)
and yields the following quantization condition:
n =
VgF0
18pi2`3s
`z21 , (3.62)
This coincides with (3.57), the integer n counting the number of D4-branes. There are
no cycles that can provide a quantization condition for the R–R field strength dC1 and
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the NS–NS flux in this region.
3.4 The range of the coordinates
In this section, we determine the possible ranges for the coordinates ψ, k and z. Each
choice of ranges will correspond to different classes of solutions.
The regularity analysis in the previous sections restricts the circle coordinate ψ and
the coordinate k as
ψ ∈ [0, 2pi] , k ∈ [0, 1] . (3.63)
There are more options for z since there are three “special” regions: 0, zr and z1
where there are brane sources. The possible intervals depend on the ordering of these
points along z and on the positivity conditions (3.23) for a given choice of κ and `. In
what follows we use these conditions to identify the possible choices; we will summarize
the result at the end.
First consider the cases when κ = 0 or when κ = −`. The only real root of p is z0,
whereas p′ has no real roots. The positivity condition on p′ implies that κ = −` = −1.
For these cases z ∈ [0, z0], and obviously z0 > 0.
When κ = `, p′ has roots at z = ±z1 and p can have three real roots. The system
is analyzed by writing p as
p = κ(z − z0)(z − z−)(z − z+) , (3.64)
where the roots satisfy
z0 + z− + z+ = 0 , 3z21 = −z0z− − z−z+ − z+z0 . (3.65)
Without loss of generality we can take z0 to be always real, whereas
z± ∈ R only when z20 ≤ 4z21 . (3.66)
When z± are imaginary, the positivity conditions on p and p′ yield
z ∈
 [0, z1] for {κ = +1, z0 < −2z1} ,[z1, z0] for {κ = −1, z0 > 2z1} . (3.67)
When the roots are all real, there is a permutation symmetry among them; moreover
at least one is negative and at least one is positive. Without loss of generality z− can
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be chosen to be the smallest negative root and z0 the smallest positive root. Depending
on whether z+ is negative or positive there are two orderings of the roots of p and p
′:
(a) (z−,−z1, z+, 0, z1, z0) and (b) (z−,−z1, 0, z0, z1, z+). The positivity conditions yield
z ∈
 [0, z0] for {κ = +1, 0 < z0 ≤ z1} ,[z1, z0] for {κ = −1, z1 < z0 ≤ 2z1} . (3.68)
The possible choices of intervals for z consistent with the positivity conditions in
(3.23) can be summarized as follows:7
1. z ∈ [0, z0]
This interval is realised for ` = 1 and all values of κ, with the restriction z0 ≤ z1
for κ = 1 and z1 > 0 for κ = 0.
2. z ∈ [0, z1]
This interval is realised for ` = κ = 1, with the restriction z0 < −2z1 and z1 > 0.
3. z ∈ [z1, z0]
This interval is realised for ` = κ = −1, with the restriction z1 < z0.
Each of these cases correspond to a different branch of the space of solutions, and
describes a different class of theories. We will explore these three cases in detail in
section 4.
3.5 NS–NS Flux quantization
In the discussion of the various sources in the main solution (3.17), the possible quan-
tized fluxes from the R–R potentials were computed and identified with the charges of
various branes. There is an additional quantization condition that comes from integrat-
ing the NS–NS flux H over the whole internal space M3: it measures the number of
NS5-branes wrapping the Riemann surface, whose near-horizon limit yields the AdS5
solution. In this section we discuss this quantization condition, carefully considering
some of the regularity issues regarding the NS–NS potential B given in (3.27).
The NS–NS flux is H = dB on the domain D defined by the range of the coordinates
k and z. While k ∈ [0, 1], there are three possible ranges for z, as discussed in the
previous section. Let us denote a given range of z as [zL, zR] and write the domain
as D = [0, 1] × [zL, zR]. By Stokes’ theorem, the flux integral is
∫
D×S1 H =
∫
∂D×S1 B
7Recall that we are taking z ≥ 0 and z1 ≥ 0 without loss of generality.
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where the S1 is the ψ-circle. From the component under consideration in (3.27) i.e. the
dk ∧ ηψ term, we obtain ∫
H = −4
3
pi
[
z2p′
3p− zp′
]zR
zL
. (3.69)
The relevant values of the function in brackets are
z2p′
3p− zp′ =

0 for z = 0 ,
0 for z = z1 and κ = ` ,
−zr for z = zr and p(zr) = 0 .
(3.70)
From the summary in section 3.4, we see that there is nonzero flux only for cases 1 and
3, given as ∫
H =
4
3
pizr . (3.71)
Flux quantization requires
1
4pi2`2s
∫
H ≡ N ∈ Z . (3.72)
In the quantization of the NS–NS flux, there are no subtleties regarding the regu-
larity of B at the boundary of D. This is not the case in the quantization of the R–R
flux. For example, the gauge choice for B could influence the result for the number of
D6-branes computed in section 3.3.2. So we need to worry about regularity near that
region. First, let us analyze the k → 1 and z → zr limits separately.
The standard way to recognize a regular form is to transform to local Cartesian
coordinates. If r is the local radial coordinate where a circle shrinks, so that the
metric contains a dr2 + r2dψ2 “piece”, we can transform to local Cartesian coordinates
x = r cosψ, y = r sinψ. Then we see for example that r2dψ = xdy−ydx and rdr∧dψ =
dx ∧ dy are regular forms, while dψ = xdy−ydx
x2+y2
is not.
Around k = 1, the radial coordinate is r =
√
1− k and B ∼ rdr∧dψ+(1−r2)volΣg ,
which is regular (the dependence on z is suppressed). On the other hand, around z = zr
the radial coordinate is r =
√
zr − z and B has a dk ∧ dψ component which is not
multiplied by a vanishing function of r; this is not regular.
Thus we have to find another gauge for B. A simple choice (but by no means the
only one) is to perform the gauge transformation
B′ = B + dΛ1 , Λ1 =
1
F0
(
1− 1
k
)
C1 , (3.73)
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where C1 was given in (3.28). This choice does not spoil regularity of B at k = 1, while
at z = zr it cures the regularity problem we just saw: the coefficient of dk ∧ dψ now
has a double zero in r.
We now have to take care of the simultaneous limit {z → zr, k → 1} which, as
we saw in section 3.3.2, yields a region where D6-branes are located. At that locus we
cannot expect B to be regular and in fact this is not the case even for H, as near that
region it has a rdr ∧ volS2 ∼ r−1volR3 component. This is the same behavior that the
NS–NS flux of the AdS7 solutions of [20] exhibits near a similar locus. In particular,
this is the case for the solution one obtains by reducing the AdS7 × S4/Zk solution of
M-theory to IIA. As can be seen from [20, Eq. (5.7)], the radial coordinate there being
r = α2, H ∼ rdr ∧ volS2 ∼ r−1volR3 . While this might look puzzling at first, it comes
about as one reduces a regular 4-form flux in M-theory along a shrinking S1.
What we want to impose on B then, is that its exterior derivative does not contain
any delta functions.8 This can be checked by performing an integral of B over a path
γ that goes from {k = 1} to {z = zr}, and taking the limit of the result
∫
γ
B as γ
shrinks to the point {z = zr, k = 1}. If
∫
γ
B → 0, then dB does not contain any delta
functions. For the gauge (3.73), this is indeed the case.
Although R–R flux quantization, which we carried out in section 3.3.2 to count
the number and charges of D6-branes, would be more strictly performed in the gauge
(3.73), the result is eventually what we obtained in that section, namely (3.52). This is
because the gauge transformation Λ1 in (3.73) goes to zero at {z = zr, k = 1}. In any
case, the result for the number of D6-branes could also be obtained more simply from
the Bianchi identity dF2 −HF0 = δ. By integrating this over the entire M3 and using
(3.51) and (3.72), we obtain
Nn0 = M . (3.74)
The above equation, combined with (3.71) indeed gives (3.49).
3.6 Central charge
A handle on a CFT4 is provided by the central charges which given a dual AdS5 solution
can be computed holographically, following [44]. In particular, the central charge a is
related to the five-dimensional Newton constant G5 via
a =
piR3AdS5
8G5
. (3.75)
8This criterion was also imposed for the aforementioned AdS7 solutions.
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G5 can be obtained by compactifying the ten-dimensional action. In our case, RAdS5 in
fact depends on the internal coordinates, since we are dealing with a warped compact-
ification. A reasonable procedure (as in [21,23], for example) is to average the warping
function coming from R3AdS5 over M5. This leads to
1
G5
=
1
G10
∫
e8W−2φvol5 , 16piG10 =
(2pi`s)
8
2pi
, (3.76)
where vol5 is the volume form of the internal manifold, defined by (−p′/9z2)ds25 in
(3.17). The factor e−2φ appears as we switch from the string to the Einstein frame. We
find
e8W−2φvol5 =
2
27
F 20 (−z2p′)dz ∧ kdk ∧ dψ ∧ volΣg . (3.77)
The central charge is then
a =
8
27
pi4Vg
(2pi`s)8
F 20
∫
(−z2p′)dz = 8
27
pi4Vg
(2pi`s)8
F 20
[
`z21z
3 − 3
5
κz5
]zR
zL
. (3.78)
In the next section we will evaluate a for the three different classes identified at the end
of section 3.4.
4 Three classes of solutions
At the end of section 3.4, we concluded that there are three possibilities for the range
of the coordinate z. These actually correspond to different physics. We will now study
them in turn.
4.1 O8, D6, D4
We start from the case z ∈ [0, z0] and ` = 1. Following the analysis of sections 3.3.1,
3.3.2 and 3.3.3, there are
• an O8–D8 stack at k = 0;
• D6-branes at {z = z0, k = 1};
• D4-branes at z = 0, smeared on the Riemann surface Σg.
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The number M of D6-branes and n of D4-branes are related to the parameters of the
solution by (3.52) and (3.57), which we repeat here for the reader’s convenience:
M =
n0
3pi`2s
z0 , n =
n0Vg
36pi3`4s
z21 . (4.1)
The flux quantum n0 = 2pi`sF0 is related by n0 = 8− n8 to the number n8 of D8-brane
pairs on top of the O8-plane. From (3.52) and (3.53) we also see that the D6-branes
have a D4-brane charge m = n+ (1− g)M2/n0, or
m = n+ (1− g)NM (4.2)
in terms of the NS–NS flux quantum N ; see (3.74). This is manifestly an integer. The
situation is summarized in figure 1.
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Figure 1: A cartoon of the internal space M3 corresponding to the range z ∈ [0, z0]. Roughly,
z runs vertically and k horizontally. At {z = z0, k = 1} the solution has a D6-brane stack.
There is an O8-plane (with n8 D8-brane pairs on top) at k = 0 and z = 0. In fact, the locus
z = 0 is revealed to be a “blowup” of a D4-brane stack inside an O8-plane, in the sense that
near that locus, k becomes one of the angular coordinates of the sphere transverse to the
D4-branes. Finally, at z = z0 the metric is regular.
Because of the rescaling (3.22), the space of solutions can be parameterized by z1/z0.
From (4.1) and(3.74) it follows
z21
z20
=
4pi
Vg
n
MN
. (4.3)
Hence, the space of solutions is discretized by flux quantization.
By specializing (3.78) to the [0, z0] interval, we find
a =
27
32
(
1
5
(g − 1)N3M2 + 1
3
nN2M
)
(4.4)
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as anticipated in (1.1). TheN3M2 term points to a compactification of a six-dimensional
field theory. We will soon make this more precise, and identify the theory. n is the
number of D4-branes, and it is natural to interpret them as punctures, similar to the
interpretation of M5-branes wrapping the R-symmetry circle as punctures, in [6, 45].
Thus, the nN2M term is the contribution of the punctures to the central charge. Since
the D4-branes are uniformally distributed on the Riemann surface, we interpret these
as simple punctures.
Let us now have an additional look at the various cases for the Riemann surface Σg.
4.1.1 Genus greater than one
For κ = −1 there are no constraints on z1 and z0, other than z0 being positive (z1
was fixed to be non-negative, without loss of generality, in section 3.) As mentioned
before, the space of solutions can be parameterized by the ratio z1/z0. In this case it is
a half-line.
It is worth investigating what happens at the extremum of this half-line, namely for
z1 = 0. Given (4.3), it corresponds to n = 0, a solution without punctures. The change
of coordinates
z3
z30
= 1− (1− w3) cos2(θ/2) , z
z0
k = w (4.5)
transforms the metric of the solution to
ds210 = e
2W
[
ds2AdS5 +
1
3
ds2(Σg) +
wdw2
1− w3 +
1− w3
9
(
dθ2 + sin2(θ)η2ψ
)]
. (4.6)
The warp factor and dilaton read
e4W = z20
1− w3
w
, eφ =
z0
F0
(
1− w3
w
)5/4
. (4.7)
This solution is a member of the family of solutions obtained in [1],9 which, as argued
there, are dual to compactifications of six-dimensional field theories on Riemann surfaces
Σg>1 of negative curvature, without punctures.
10 This argument was later strengthened
in [24], where the holographic RG flow connecting the AdS7 duals of the six-dimensional
field theories and the AdS5 × Σg>1 solutions was obtained.
9It corresponds to the value 18 of the parameter b2 that parameterizes the solutions in [1]. The
coordinate w is related via w2 = y/y0 to the coordinate y appearing there, where 2y0 = F0z
2
0 .
10The central charge for similar theories was computed in [22] and agrees with (4.4), although the
factor 27/32 was mistakenly omitted there.
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This limiting case supports our earlier claim that the solutions in this class should
be interpreted as dual to compactifications of a six-dimensional field theory. As we have
just seen, they generalize the AdS5 solutions of [1] by including D4-branes smeared over
Σg. In [1], where no punctures were present, only the case of genus g > 1 was realised.
With the inclusion of punctures, we are able to obtain also g = 0 and g = 1. In section
5 we will discuss the aforementioned six-dimensional field theory and its AdS7 gravity
dual.
4.1.2 Genus one
For Σg=1 = T
2 (κ = 0), the only constraint is z1 > 0. This matches with the fact that
in this case there should be no solutions without punctures (n = 0 or z1 = 0), as found
in [1]. Since p(z) in (3.18) becomes linear, the solution is particularly simple. Moreover,
the directions of T 2 are isometries.
One can T-dualize to type IIB supergravity along one of these isometries. The
dilaton is not constant on the IIB side; in particular the T-dual solution is not a
Sasaki–Einstein compactification.
From (4.4) we see that the N3M2 term drops out of the central charge. This is
similar to what happens for the class S theories, where the compactification on a torus
results in circular quiver of ordinary gauge theories, with a ∼ nN2 growth.
4.1.3 Genus zero
For Σg=0 = S
2 (κ = 1), we saw in 3.4 that z1 ≥ z0. Via (4.3) and (3.53) this constraint
translates to the bound
n ≥MN . (4.8)
In other words, there is a minimum amount of punctures one can have on the sphere.
This again has a counterpart in the class S theories, where for example one cannot have
three simple punctures on a sphere.
It is natural to investigate what happens when the bound is saturated. We analyze
this in appendix C. Unfortunately, the physical interpretation of this limiting case is
challenging, and it is not clear what it represents.
4.2 O8, D4 distribution
The second case we found in section 3.4 is z ∈ [0, z1]. As explained there, this is only
possible for ` = κ = 1. We can again parameterize the solutions by the ratio z1/z0,
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which has to lie in the range (−1
2
, 0).
In this case, z does not reach the z = z0 locus; as a result, there are no D6-branes in
the solution. On the other hand, at z = z1 there is a uniform distribution of D4-branes
smeared not only on Σg=0 = S
2 (as was the case for the solutions of section 4.1) but
also on the (k, ψ) directions of the internal M3. The total number of the D4-branes is
equal to
n =
n0
9pi2`4s
z21 , (4.9)
which is the same total number as that of the D4-branes at z = 0. The situation is
depicted by figure 2.
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Figure 2: A cartoon of M3 for the range z ∈ [0, z1]. Compared to the solution in figure 1,
the solution has no D6-branes; the upper range for z is at z = z1, where a distribution of
D4-branes appears.
The absence of D6-branes (M = 0) is also reflected in the vanishing of the NS–NS
flux quantum, N = 0. This can be seen from (3.74), or directly from (3.69). Using
(3.78) we evaluate the central charge:
a =
9
5 · 16
n5/2
n
1/2
0
. (4.10)
This n5/2 scaling is the case also for the AdS6 solution of [39], which similar to the
present setup involves n D4-branes on top of an O8–D8 system. (This scaling was also
reproduced in field theory [46].) This seems to suggest that the CFT4 dual to the AdS5
solution under consideration, has a five-dimensional origin.
The limiting case z1/z0 = −1/2 is the same as the one discussed in appendix C.
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4.3 O8, D6, D4 distribution
Finally we describe the case z ∈ [z1, z0]. As we saw in section 3.4, this is only possible
for ` = κ = −1. The ratio z1/z0 has to lie in the range [0, 1).
As in the class of section 4.1, there are D6-branes at {z = z0, k = 1}. However, at
z = z1 there is a uniform distribution of D4-branes similar to the one of section 4.2.
Again, the number of D6-branes and D4-branes are given by (3.52) and (3.57):
M =
n0
3pi`2s
z0 , n =
n0(1− g)
9pi2`4s
z21 . (4.11)
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Figure 3: A cartoon of M3 for the range z ∈ [z1, z0]. Compared to the solution in figure 1,
the lower range for z is at z = z1, where a distribution of D4-branes appears; in other words,
the D4-branes in figure 1 have spread out in the k, ψ directions as well.
The central charge is given this time by
a =
27
32
(
1
5
N3M2(1− g) + 1
3
nN2M +
2
15
n5/2
n
1/2
0 (1− g)3/2
)
(4.12)
which seems to signal a mix of the six-dimensional origin of section 4.1 and of the
conjectural five-dimensional origin of section 4.2.
The limiting case z1 = 0 turns out to be again the punctureless solution with κ = −1
discussed in section 4.1.1, a member of the family of solutions of [1].
All the various cases we discussed are summarized in figure 4 in terms of the pa-
rameter z1/z0.
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Figure 4: A summary of the various solutions we found for κ = 0,−1, 1. The cartoons refer
to figures 1, 2 and 3. The grey dot for κ = 1 is the solution discussed in appendix C. The
white dots for κ = −1 both represent the punctureless solution of [1], whose six-dimensional
origin we discuss in section 5.
5 The six-dimensional theory and its gravity dual
In this section we will describe the six-dimensional origin of the solutions of section 4.1.
We will first describe the AdS7 solutions (which are a particular case of [1], but which
were not appropriately discussed there), and then their CFT6 duals.
5.1 The AdS7 solution
Let us first review the family of AdS7 solutions of type IIA supergravity [20, 22]. We
will present the solutions as in [23]11. The metric, fluxes and dilaton read12
1
pi
√
2
ds2 = 8
√
−α
α¨
ds2AdS7 +
√
− α¨
α
(
dζ2 +
α2
α˙2 − 2αα¨ds
2
S2
)
; (5.1a)
B = pi
(
−ζ + αα˙
α˙2 − 2αα¨
)
volS2 , F2 =
(
α¨
162pi2
+
piF0αα˙
α˙2 − 2αα¨
)
volS2 ; (5.1b)
eφ = 25/4pi5/234
(−α/α¨)3/4
(α˙2 − 2αα¨)1/2 . (5.1c)
Here α¨ = α¨(ζ) is a piecewise linear function on a closed interval I parameterized by ζ.
Flux quantization restricts its derivative to be integer-valued (with the integer related
to the Romans mass F0), and its points of discontinuity to be located at integer values
of ζ. α is a double integral of α¨, as the notation implies. The two integration constants
11We will call here ζ the coordinate that in [23] was called z.
12B is to be understood up to a gauge transformation.
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can be fixed in various ways. In [23] they were fixed so that α vanishes at the endpoints
of I. This corresponds to the S2 shrinking smoothly there. Various boundary conditions
for α correspond to various physical situations. The cases that occur are:
• at an endpoint of I where α and α¨ have a single zero, and α˙2 6= 2αα¨, the metric
is regular,
• at an endpoint of I where α has a single zero, α¨ 6= 0 and α˙2 6= 2αα¨, there are
D6-brane sources,
• at an endpoint of I where α¨ has a single zero, α 6= 0 and α˙2 6= 2αα¨, there are
O6-plane–D6-brane sources,
• at an endpoint of I where α˙2− 2αα¨ and α¨ have a single zero, there are O8-plane–
D8-brane sources.
The first three situations were already identified in [22]. The last one we present here and
is the AdS7 solution of interest for this paper. It occurs for b2 = 18 in the formulation
of [22]. This O8–D8 system is of divergent dilaton type, in the sense discussed after
(3.40). As noticed there, this is the same that occurs for example in the AdS6 solution
of type IIA [39] supergravity, describing an O8–D8–D4 system. In a sense the solutions
of this section are an AdS7 analogue of [39]. AdS7 solutions with an O8–D8 system and
non-divergent dilaton should exist, but are not relevant for the present paper.
For the solution of interest
α = (3pi)3F0(ζ
3
0 − ζ3) . (5.2)
According to the analysis above, at ζ = 0 there is an O8–D8 source, while at ζ = ζ0 a
stack of D6-branes. The presence of the O8-plane means that the solution should be
thought of as the “right half” of a solution where ζ ∈ [−ζ0, ζ0]. The internal manifold
for this “full” solution would have the topology of a three-sphere S3. However we only
consider the right half for which ζ ∈ [0, ζ0], and correspondingly the internal manifold
has the topology of a half-S3. From (5.1) we obtain
1
pi
√
2
ds2 = 8
√
ζ30 − ζ3
6ζ
ds2AdS7 +
√
6ζ
ζ30 − ζ3
(
dζ2 +
(ζ30 − ζ3)2
3ζ(4ζ30 − ζ3)
ds2S2
)
; (5.3a)
B =
F2
F0
+ piζ0volS2 , F2 = piF0ζ
2ζ3 − 5ζ30
4ζ30 − ζ3
volS2 ; (5.3b)
eφ =
21/2
31/4pi1/2F0
ζ−5/4
(ζ30 − ζ3)3/4
(4ζ30 − ζ3)1/2
. (5.3c)
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Applying the map [1, Eq. (5.19)] (or [22, Eq. (5)]) to the metric in (5.3) we find (4.6),
with w = ζ/ζ0 and z0 = 3piζ0. As we anticipated in section 4.1.1, this provides the link
between the AdS5 solutions found in this paper and the AdS7 solutions discussed in
this section.
The gauge of B is fixed by demanding regularity at ζ = ζ0. Flux quantization (3.51)
fixes
ζ0
`2s
= −M
n0
. (5.4)
where
n0 = 2pi`sF0 , M =
1
2pi`s
∫
S2
(F2 −BF0) . (5.5)
M can be interpreted as the number of D6-branes at ζ = ζ0. It is also easy to compute
the integral of the NS–NS flux H: by integration by parts, it reduces to the integral of
B over S2 near ζ = ζ0 (where it vanishes) and near ζ = 0. This gives
N =
1
(2pi`s)2
∫
H =
M
n0
. (5.6)
This result can be obtained more easily by integrating the Bianchi identity dF2−F0H =
δ, since F0 is constant.
As we remarked earlier, the dilaton diverges near ζ = 0. However, this issue is
localized in a small region around that locus. Moreover, as we will see, this singularity
does not affect the computation of the a anomaly.
5.2 The field theory interpretation
We will now give the field theory interpretation of the AdS7 solution (5.3).
Following the logic of [21], we can think of the solution as the result of a near-
horizon limit of a brane configuration, which looks like the diagram in figure 5(a). The
vertical line represents an O8-plane with n8 = 8 − n0 D8-brane pairs, all extended
along the directions (012345789). The nodes represent NS5-branes, extended along
the (012345) directions. The horizontal lines represent D6-branes extended along the
(0123456) directions. Just like in [21], the idea is that in the near-horizon limit the
direction 6 and the radius of the directions (789) mix to produce the radial direction
of AdS7 and the coordinate ζ – this was recently made more precise in [47, 48]. The
D6-branes in the brane diagram become the D6-branes at the pole ζ = ζ0 in (5.3). The
N NS5-branes in the brane diagram become the flux integer (5.6).
Reading off the field theory from the brane diagram is mostly a straightforward
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application of the standard string theory techniques [15,16]. As usual in six dimensions,
the field theory one reads off this way is an effective description of the tensor moduli
space of a SCFT. The conformal point is really obtained at the origin of this tensor
moduli space, which corresponds in the brane diagram to putting all the NS5-branes
on top of each other and on top of the O8-plane.
Having said this, the effective theory is as follows. It consists of a chain of gauge
groups SU(i·n0), i = 1, 2, . . . , (N−1), coupled to hypermultiplets and tensor multiplets.
At the end of the chain there is an SU(Nn0) flavor symmetry. (For details, see [15, 16]
or the summary given in [23, Sec. 2.1].) The tensor multiplets couple to the gauge
fields via a Green–Schwarz–Sagnotti–West mechanism, and via a term of the type (φi−
φi+1)Tr(F
2
i ), where φi is the real scalar in the i-th tensor multiplet and Fi is the i-th
gauge field strength.
. . .E9 n0 (N   1)n0 Nn02n0n0
2 4 6E7
(a)
E7 2 4 6
(b)
Figure 5: In figure (a), the brane diagram whose near-horizon limit produces the solution (5.3)
for n0 = 2 and N = 3 is depicted. The vertical line represents an O8-plane with n8 = 8− n0
(= 6, in this case) D8-brane pairs. The nodes denote NS5-branes, and the horizontal lines D6-
branes. In figure (b), the quiver diagram of the corresponding field theory for this particular
case is depicted. The empty node represents the E-string theory, as explained in the main
text.
All this is like in the theory corresponding to the NS5–D6 system, shown for example
in [23, Fig. 6], whose gravity dual is the tear-drop shaped, “simple massive” solution
of [22] and [20, Sec. 5.2]. There is, however, an additional subtlety here, due to the
presence of the O8-plane. (This was discussed in section [15, Sec. 5.1], although the
theories we need are a “piece” of the ones in that reference. The theory we are describing
appeared recently in [49].) Via a chain of dualities, the O8–D8 system can be mapped
to the E8 wall in M-theory [50]. An unbroken E8 corresponds to a situation where there
are 7 D8-brane pairs on the O8-plane; notice that in this situation n0 = 2pi`sF0 is equal
to 1. When there are fewer D8-brane pairs, n8 = 8− n0, the flavor group is broken to
En8+1 = E9−n0 . For n0 = 6, 5 this gives E7 and E6 respectively. For n8 smaller still, the
sequence was determined in [51] in the context of the five-dimensional CFTs obtained
by putting D4-branes next to an O8–D8 system (whose gravity dual [39] was mentioned
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earlier):
E5 = Spin(10) , E4 = SU(5) , E3 = SU(3)× SU(2) ,
E2 = SU(2)× U(1) , E1 = SU(2) .
(5.7)
Under the same duality chain, the NS5-branes are mapped to M5-branes. An M5-
brane near an E8 M-theory wall is described by a six-dimensional theory with a single
tensor multiplet and an E8 flavor symmetry, known as “E-string theory”. It has a
one-dimensional tensor moduli space; conformal symmetry is unbroken at its origin. It
also has an F-theory realization, which consists of a single −1-curve touching an E8
singularity. This is usually denoted by
[E8] 1. (5.8)
This is actually a rank-1 E-string theory. There is also a rank-N E-string theory, which
describes N M5-branes near the E8 wall. This has an N -dimensional tensor moduli
space. At a generic point, there is an effective description with N−1 tensors coupled to
(5.8). The F-theory realization consists of a sequence of −2-curves ending with (5.8):
[E8] 1 2 . . . 2. (5.9)
In our setup, the NS5-brane which is nearest to the O8–D8 gives rise to a rank-1
E-string theory (5.8). However, this E-string theory is also coupled to the chain of
gauge groups we described earlier, whose first gauge group is SU(n0). The coupling is
made by gauging a subgroup SU(n0) of the E8 flavor symmetry of the E-string theory.
The leftover flavor symmetry is the commutant of SU(n0) inside E8.
The algebra of the flavor symmetry can be identified by looking for the maximal
subalgebras of e8 of the form g ⊕ sun0 . One way is to consider semisimple regular
subalgebras, which are obtained by deleting a node from the affine E8 Dynkin diagram.
The list one obtains this way is
e7 ⊕ su2 , e6 ⊕ su3 , so10 ⊕ su4 ,
su5 ⊕ su5 , (su3 ⊕ su2)⊕ su6 , su2 ⊕ su8 .
(5.10)
We may also consider non-semisimple regular subalgebras, which are obtained by delet-
ing a node from the ordinary (non-affine) E8 Dynkin diagram; the removed dot becomes
a u1. We get su2⊕ u1⊕ su7 this way. We can now obtain the commutant of sun0 inside
e8: for example, the commutant of su2 is e7, the commutant of su3 is e6, and so on.
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This reproduces the full list of “exceptional” flavor groups E9−n0 in (5.7), which was
originally computed in [51] using heterotic strings.
The end result is the theory shown in figure 5(b) for the brane diagram in figure
5(a), and in figure 6 for the most general case.
E9−n0 n0 2n0 (N−1)n0 Nn0
Figure 6: The quiver diagram of our six-dimensional theory in the general case.
For completeness we also write down the F-theory realization of these theories:
[E9−n0 ] 1
sun0
2
su2n0
2 . . .
su(N−1)n0
2 [SU(Nn0)]. (5.11)
The n0 = 1 case is rather special, because the first gauge group is in fact empty:
[E8] 1 2
su2
2
su3
2 . . .
su(N−1)
2 [SU(N)]. (5.12)
These theories are similar to the rank-N E-string theory in (5.9), except for the presence
of the linearly growing gauge groups on the −2-curves. They are the analogue of a
rank-N E-string theory in the presence of Romans mass F0. For this reason, we will
call (5.11), (5.12) rank-N “massive E-string theories”.
As a cross-check of our field theory identification, we have computed using the
methods in [52, 53], the leading order behavior of the a anomaly, and compared it
against a holographic computation from the gravity dual. For solutions with only D8-
branes, which are dual to chains of SU(r) gauge groups, this comparison was carried out
in [23], finding perfect agreement for all the infinitely many theories in that class. For
the theories discussed in this paper, the computation is a bit different because of the
presence of the rank-1 E-string. Recalling the caveat pointed out at the end of section
5.1 about the divergent dilaton, one might be skeptical of a holographic comparison.
Indeed for example in [46], for the aforementioned AdS6 solution with an O8-plane [39],
it was found that the on-shell action diverges, hindering comparisons with field theory
quantities. In our case, however, the holographic a anomaly is found to be finite, and
to reproduce the a anomaly:
a ∼ 16
7
9
15
N3M2 (5.13)
at the leading order in the holographic limit; for details, see appendix D. Notice that
(5.13) is different, even at leading order, from the theory with linearly growing quivers
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but without the rank-1 E-string, which was found to have [22,23] a ∼ 16
7
4
15
N3M2.
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A Comparison with [1]
In this appendix we summarize the relation between the presentation of the results of [1]
in that paper and the one in section 2 of the present work.
The metric of the AdS5 solutions was expressed in [1, Sec. 3] as
ds210 = e
2Wds2AdS5 + e
2ϕ
(
dx21 + dx
2
2
)
+
1
9
b2e2W (dψ + ρ)2 + ds2M2 , (A.1)
ds2M2 = e
−4W+2φb−2
[(
b2 + a22
)
e−4Wdx2 +
(
b2 + a21
)
dy2 + 2a1a2e
−2Wdxdy
]
. (A.2)
The functions (W, b, a1, a2, ϕ)
13 and the dilaton φ depend on the coordinates (x, y, x1, x2),
and obey the relations [1, Eqs. (3.6), (3.7)]
a21 + a
2
2 + b
2 = 1 , e3W−φa1 = −2y , (A.3)
and [1, Eqs. (3.17b), (3.17c), (3.22)]
3e−3W+φ
a1
b2
= ∂y log
(
beϕe4W−φ
)
, 3e−5W+φ
a2
b2
= ∂x log
(
beϕe4W−φ
)
. (A.4)
13W is denoted by A in [1].
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The one-form ρ is determined by the above functions as [1, Eq. (3.17a), (3.23)]
ρ = − ?2 d2 log
(
beϕe4W−φ
)
, (A.5)
where the Hodge star operator ?2 and the exterior derivative d2 are taken over the
(x1, x2) plane.
The transformation relating the coordinates (s, u) of section 2 and (y, x) is
y2 = 2s , 3x = u . (A.6)
The functions (Ds, Du) in that section are defined by the ones appearing in [1] as
eD˜s =
12
√
2
y3
b2e2ϕe8W−2φ , ∂uDu = −1
3
(
1 +
a22
b2
)
e−4W . (A.7)
Equations (A.3) and (A.4) are then solved by (Ds, Du) via the expressions
b2 = − 3
2s
1
∂sDs
det(h)
det(g)
, a21 =
det(h)
det(g)
, a22 = −
3
2s
1
∂sDs
(∂uDs)
2
det(g)
,
e4W = − ∂sDs
3 det(h)
, e2ϕ =
1
24
e2W det(h)eDs , e2φ =
1
8s
e6W
det(h)
det(g)
. (A.8)
See section 2 for the definition of D˜s, det(h) and det(g). Finally, ρ = −12 ?2 d2Ds, and
the metric (A.2) becomes
ds2M2 =
1
24s
det(h)
det(g)
e2W
[
−∂uDu du2 − ∂sD˜s ds2 − 2∂uDs duds
]
. (A.9)
B D4-branes inside D8-branes
Solutions describing Dp-branes inside the wordvolume of D(p + 4)-branes were con-
structed in [54]. Specialising to the case p = 4, let the D4-branes be extended along the
directions x0 to x4 and the D8-branes along all directions except for x9. The spacetime
metric of the solution is given by
ds2 = (H8H4)
− 1
2 (−dx20 + · · ·+ dx24) +H
1
2
4 H
− 1
2
8 (dx
2
5 + · · ·+ dx28) + (H4H8)
1
2dx29 . (B.1)
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where the functions H4 and H8 satisfy the equations
∂2x9H4 +H8
8∑
i=5
∂2xiH4 = 0 , ∂
2
x9
H8 = 0 . (B.2)
These are solved by
H4 = 1 +Q4
(
r2 +
4
9
Q8|x9|3
)−5/3
, H8 = Q8|x9| , (B.3)
where r2 =
∑8
i=5(xi)
2 is the radial coordinate in the x5 to x8 directions, and Q4, Q8
are constants.
We are interested in a solution where the D4-branes are localized only in the x7, x8
directions and smeared over the x5, x6 ones. The first of the equations (B.2) is thus
modified as
∂2x9H4 +H8(∂
2
x7
+ ∂2x8)H4 = 0 , (B.4)
and the H4 that solves it reads
H4 = 1 +Q4
(
r2 +
4
9
Q8|x9|3
)−2/3
, r2 = x27 + x
2
8 . (B.5)
It is convenient to introduce the coordinate λ via
|x9| =
(
4
9
Q8
)−1/3
λ2/3 , (B.6)
and rewrite the spacetime metric as:
ds2 =
(
3
2
Q8λ
)−1/3
[H
− 1
2
4 (−dx20 + · · ·+ x24) +H
1
2
4 (dx
2
5 + · · ·+ dx28 + dλ2)] . (B.7)
Near the core of the solution,
H4 ' Q4
(
r2 + λ2
)−2/3
, (B.8)
and upon making the coordinate transformation,
λ = σ cos(θ), r = σ sin(θ), (B.9)
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the metric takes the asymptotic form:
ds2 =
(
3
2
Q8σ cos(θ)
)−1/3
[Q
−1/2
4 σ
2/3ds2|| +Q
1/2
4 σ
−2/3ds2⊥],
ds2|| = −dx20 + · · ·+ x24, ds2⊥ = dx25 + dx26 + dσ2 + σ2
(
dθ2 + sin2(θ)dψ2
)
. (B.10)
C The limiting case z1 = z0
In this appendix, we will analyze the limiting case z1 = z0 in the space of solutions of
section 4.1.3. For z1 ≥ z0, the solutions contain D6-branes, and an O8-plane with D4-
and D8-branes on top. We argued in the main text that they represent gravity duals
of a compactification on a two-sphere with punctures of the six-dimensional theories
discussed in section 5. Here we will see that the limiting case z1 = z0 is of unclear
physical interpretation.
For z1 = z0, z0 becomes a double root of p, since p
′(z1) = 0. Once this happens, the
analysis of section 3.3 is not valid near z = z0 and near {z = z0, k = 1}. Indeed the
geometry in these regions departs from the one where z0 is a single root.
Near z = z0, we introduce the coordinate %
2 = 8
3
(1− z/z0). In the z → z0 limit the
metric becomes
ds210 ∼ z0
√
1− k3
k
[
ds2AdS5 +
kdk2
1− k3 + d%
2 + %2
1
4
(
η2ψ + ds
2
S2
)]
. (C.1)
Given that the period of ψ is 2pi, 1
4
(
η2ψ + ds
2
S2
)
represents the metric on a Z2 orbifold of
a three-sphere of unit radius, with the Z2 acting on the R-symmetry circle. Including
the direction parameterized by %, we conclude that the internal space contains R4/Z2.
The locus {z = z0, k = 1} is of more challenging physical interpretation. In the
neighborhood of {z = z0, k = 1}, the local change of coordinates
1− z
z0
=
3
8
r2 cos2(θ) 1− k = 3
4
r2 sin2(θ) (C.2)
puts the metric in the form
ds210 ∼
3z0
4
r
√
1 + 3 sin2(θ)
(
ds2AdS5 + dr
2 + r2ds24
)
,
ds24 = dθ
2 +
1
4
cos2(θ)
(
4 sin2(θ)
1 + 3 sin2(θ)
η2ψ + ds
2
S2
)
. (C.3)
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This is not reminiscent of a brane singularity familiar to us. Given that this solution
arises as a limiting case of a solution with D6-branes present at {z = z0, k = 1},
and the appearance of an R4/Z2 singularity near z = z0, it is tempting to speculate
that as zr = z0 in (3.42) becomes a double root, p
′(zr) goes to zero and the base
Σg = S
2 shrinks, thus turning the D6-branes into fractional D4-branes, whose near-
horizon produces (C.3).
D a anomaly
In this appendix we will explain how to compute the a anomaly for the massive E-string
theories (5.11) and (5.12), using both field-theoretic and holographic techniques. Part
of this computation follows [23], to which we refer for further details.
The field theory computation can be performed using the methods of [52, 53]. We
will focus directly on the holographic leading order contribution, rather than giving the
full detailed computation as in [23]. As in that paper, we use [55] a = 16
7
(α−β+γ)+ 6
7
δ,
where α, β, γ and δ are the various coefficients in the ’t Hooft anomaly polynomial:
I8 =
1
24
(αc2(R)
2 + βc2(R)p1 + γp1(T )
2 + δp2(T )) , (D.1)
where c2(R) is the second Chern class of the R-symmetry bundle and p1(T ), p2(T )
are the first and second Pontryagin classes of the tangent bundle respectively. The
holographic limit consists in taking the number N of gauge groups to be large. The limit
can be taken in such a way as to leave the supergravity solution essentially unchanged;
see [23, Sec. 2.2.4]. The leading order contribution comes from α, the coefficient of
c2(R)
2. This in turn comes from a Green–Schwarz–Sagnotti–West mechanism. Let us
first explain how this worked in [23], and then how it is modified for the case of this
paper. The relevant terms of the anomaly polynomial read
I = −1
8
∑
i,j
CijtrF
2
i trF
2
j −
1
2
ric2(R)trF
2
i + . . . , (D.2)
where Cij is the Cartan matrix of AN−1. Gauge anomalies should be canceled: this leads
us to postulate the presence of a Green–Schwarz–Sagnotti–West [56, 57] mechanism
which gives a further contribution 1
8
∑
i,j CijIiIj, Ii = trF
2
i + 2C
−1
ij ric2(R). This cancels
the two terms appearing in (D.2), but introduces the term 1
2
∑
i,j C
−1
ij rirjc2(R)
2. This
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is the leading contribution to α and hence to a:
a ∼ 192
7
∑
i,j
C−1ij rirj . (D.3)
If we consider the theory with linearly growing ranks, ri = i · n0 [23, Fig. 6], we can
compute
∑
i,j C
−1
ij rirj =
1
180
N(1−N2)(1− 4N2) ∼ 1
45
N5, which gives
a ∼ 16
7
4
15
N5n20 =
16
7
4
15
N3M2 , (D.4)
where equation (5.6) is used.
In our case, the computation is modified by the presence of an E-string. The relevant
part of its anomaly polynomial is
IE-string = −1
4
TrF 2c2(R) +
1
32
(TrF 2)2 . (D.5)
Here F is the E8 field strength, and Tr ≡ 130trfund. There is also a TrF 2p1(T ) term
which would contribute to β and γ, but their contributions to a are subleading. When
an SU(n0) subgroup of E8 is gauged, (D.5) modifies (D.2) in two ways:
Cij → C˜ij = Cij − δi1δj1 , ri → ri − δi1 . (D.6)
Of these two, only C → C˜ affects the leading order. Hence, we end up with
a ∼ 192
7
∑
i,j
C˜−1ij rirj . (D.7)
In our case, again, ri = i · n0. We evaluate
∑
i,j C˜
−1
ij rirj =
1
60
N(N + 1)(N + 2)(3N2 +
6N + 1) ∼ 1
20
N5, which finally leads to
a ∼ 16
7
9
15
N3M2 . (D.8)
We will now compare the above result with a holographic computation. As argued
in [23, Sec. 4], the latter reduces to
ahol =
192
7 · 38pi4`8s
∫
αα¨ dζ . (D.9)
where α = α(ζ) is the function that characterizes the supergravity solution in (5.1).
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As explained in [23], this is a continuum version of
∑
i,j riC
−1
ij rj, keeping in mind the
fact that Cij is a “discrete double derivative”. For example, the gravity solution cor-
responding to the chain of gauge groups SU(i · n0), i = 1, . . . , (N − 1) is the so-called
“simple massive” solution. In the present language, it is given by (5.1) with
α = (3pi)3F0ζ(ζ
2
0 − ζ2) , (D.10)
Performing the integral (D.9) one reproduces (D.4).
On the other hand, for the rank-N massive E-string theories, we should use α as in
(5.2). This reproduces (D.8).
Notice that the two solutions we just considered have the same α¨, and only differ
by its double indefinite integral α. In [23], this integral was fixed by demanding it to
vanish at the extrema. This, on the field theory side, corresponds in a way to the choice
of Cij rather than C˜ij as a discrete version of the double derivative.
We expect that the match obtained in this section works for more general quivers
with an E-string at their end. However, we will not demonstrate this here, since such
theories are for the time being not relevant to generating AdS5 solutions similar to the
ones studied in this paper.
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